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Abstract -A general theory of phase transitions described by a single 
order parameter is applied to the nematic liquid crystal PAA. From 
previously published results on expansivity, sound velocity, and specific 
heat, it is shown for the nematic-isotropic phase transition in this substance 
(a) the coexistence curve is a curve of constant order parameter, and (b) the 
order parameter slightly below the transition is a function of V4.,T, where 
V is volume and T is temperature. 

Many phase transitions have been successfully characterized in 
terms of an order paramecer.1 Provided there is just one such 
parameter it is possible to formulate a general theory which is 
independent of the detailed nature of the transition but still gives 
a few useful relations. We will apply such a theory to the nematic- 
isotropic phase transition in p-azoxyanisole (PAA) and show, 
within f 10% that  (a) the coexistence curve is a line of constant 
order parameter and (b) the variation of the order parameter 
with reduced volume is 4.3 times that with reduced temperature. 

General Theory 

Considar an order parameter ( r ] )  which appears in the free energy 
(9 ) .  The equilibrium (unconstrained) value of r ] ,  which minimizes 
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22 M O L E C U L A R  C R Y S T A L S  A N D  L I Q U I D  C R Y S T A L S  

g a.t a particular temperature (T) and pressure ( p ) ,  is q(T, p ) .  We 
assume that g is a well-behaved function of 7. but that 7 is not a 
well-behaved function of T and p for ranges of T, p which con- 
stitute the phase transition region. I n  summary: 

9 = dT9P77) (1) 

Differentiating the stationary condition with respect to T and p 
yields : 

gqT = - gq,r)T 9 

g,, = -9qq7Zl. (2) 
where the subscripted arguments denote partial differentiation. 
The stationary condition permits us to take for the entropy 

fi(T7p, 7) = - g T .  (3) 

Thus the specific heat (at constant pressure) divided by the tem- 
perature is 

= fi97 +STT (4b) 

= g,/g (72')' + ST (44 

where the last equality follws from (2) and (3). 
The first term in (4c) arises from a derivative of 7 ;  it  might 

well be very large where 7 changes rapidly. We denote this term 
by AC/T, where A denotes a " transition contribution " to the 
quantity in question. For the above identification to hold, it is 
not necessary that the transition be a critical one. What is 
required is that the A-quantity be large and rapidly varying enough 
to be distinguished from the non-transition background. Accord- 
ing to present ideas liquid crystal transitions are not critical, but, 
as we shall see, there is region over which both pre- and post- 
transition effects in p-azoxyanisole are distinguishable. 

It is 
tempting to  associate this with a background, not sensitive to the 

The second term in (4c) is a derivative a t  constant 7. 
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T H E R M O D Y N A M I C  D E R I V A T I V E S  23 

transition. However, ST is a function of 7 and rapid changes in 7 
will create bumps in the background. The bumps are an  intrinsic 
difficulty with this whole approach; they cannot be defined away, 
and they create ambiguities in identifying the 7-derivative 
A-quantities. Since it is only the 7-derivative quantities about 
which genera1 statements can be made, we must further require 
that non 7-derivative d-quantities must be much smaller than 
their 7-derivative conterparts. 1 

Proceeding as in (4) with regard to u, the isobaric thermal 
expansion coefficient and /3, the isothermal compressibility, we 
may complete the list of 7-derivative A-quantities. 

ACIT = S I ~ V T  = gqrl(7T)a,  

- VAa = - Yi lqT = giIqqv7T.  

VA/3 = - Vq7v = ~ l l q ( 7 v ) a  

( 5 )  

where V is the volume. From ( 5 )  follows a " scaIing law " 
relation which will provide a check on the applicability of the 
theory. 

= A/3 x AC/T V (6) 

Little has been said of the physical meaning of 7 beca,use the 
results of this analysis do not involve a physical theory. Note 
that nothing would be changed if for 7 was sunstituted some 
arbitrary (but well-behaved) function of 7. There is nothing in 
this formulation which gives the functional form of q ( T , p )  or 
even the order of the transition. 

1 Consider for example the ambiguity in the specific heat per unit 
volume which occurs because of the transition effect on the volume : 

AV/V  i5 the relative change in a non-derivative quantity; for PAA it is 
always less than 2 x 10-3. AC,/C, is the relative change in a derivative 
quantity; it reaches about 0.2. Thus the ambiguity in ( l /V) (AC, /T)  is 
less than 176. 
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24 MOLECULAR CRYSTALS A N D  LIQUID C R Y S T A L S  

There are physical theories of liquid crystals which are of the 
type discussed above; we discuss them briefly as examples of 
what the order parameter might be. The molecular-statistical 
theory of Maier and Saupe2 defines a long-range order parameter 
for the pre-transition region. 

S = 4 < 3COS20-1> (7) 

O is the angle between the long axis of a given molecule and the 
average nematic axis, and < > denotes expectation value. That 
S may be found by minimizing a suitable g is easily checked since 
self-consistency and minimum free energy are equivalent con - 
ditions in this sort of " molecular field " appr~ximation.~ 

For the post-transition region the Frenkel heterophase fluction 
theory has bean empl~yed .~  This is not usually presented as a 
single order parameter theory. However, it is possible to force 
it into such B form using, for example, the total number of mole- 
cules in the ordered phase as an order parameter.$ Thus it is not 
surprising that the predicted heterophase contribution to the 
thermodynamic derivatives follows the scaling law ( 6).4 

$ The Gibbs free energy may be written as: 

g =trp(&' + p Y )  +kT tr p In p 

where &' is the Hamiltonian, V is the volume operator (giving the volume 
associated with each state), the trace includes integration over continuous 
variables and p is an operator of unit trace to be specified by minimizing g. 
The actual minimum occurs when p is the true density matrix. 

I n  the Frenkel theory,10 p(p ,  T) specifies a distribution of molecules 
between the disordered phase and among groups which have characteristics 
of the ordered phase. We may imagine p(p,  T) as some p(p, T, ?) evaluated 
a t  7 = ~ ( p ,  T) where ~ ( p ,  T) minimizes 9.  For 7 take N A ,  the total number 
of molecules in ordered phase. Introducing this self-consistency leaves 
considerable freedom of form for p(p, T, N A )  but one way might be to scale 
the latent heat by some complicated function of N A ,  p, and T such that 
N A  = tr N A  p(p, T, N A ) .  The scale factor would also have to become 1 
for N A  = N A ( ~ ,  T) so that we are led back to the Frenkel disruption a t  
equilibrium. Now it is readily verified that N A ( p ,  T) varies rapidly near 
the transition. Also variation of g at constant N A  will not lead to dramatic 
effects. Thus we have the elements necessary for a single order parameter 
theory. 
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THERMODYNAMIC D E R I V A T I V E S  23 

Results for PAA 
p-azoxyanisole is the most completely studied nematic liquid 

crystal system; it is the only one for which reasonably accurate 
measurements of the three second derivatives of g have been 
published. (p  is derived from measurements of sound velocity.) 
A review of these data is shown in Fig. 1. The background is 
taken as the dotted curves. The implied A-quantities both above 
and below the transition are listed in Table 1 .  T ,  is the transition 
temperature. 

TABLE 1 Transition contributions to thermodynamic derivatives. These 
are the heights-above-background estimated from Fig. 1. The accuracy 

is about -&lo% below T ,  and f25% above. 

T - T, AC/TV A a  AB 
( K O )  (erg deg-2 ~ r n - ~  (deg - 1 (cmz dynes-') 

- 6  
- 5  
- 5  
- 3  
- 2  
- 1  
- 0.5 
- 0  
+ O  
+ 0.5 
+ 1  
+ 2  
+ 3  
1-4 
1-5 

0.18 x 104 
0.22 
0.29 
0.29 
0.55 
0.87 
1.10 
1.68 
0.84 
0.42 
0.31 
0.19 
0.11 
0.07 
0.04 

0.18 x 10-3  
0.20 
0.23 
0.27 
0.34 
0.47 
0.62 

0.15 
0.10 
0.06 
0.04 
0.02 
0.01 

6.1 x 10-l2 
7.8 
9.5 

11.5 
14.0 
21.0 
30.0 

6.0 
3.3 
2.1 
1.0 
0.6 

The transition effects stand well above the background from 
about 5' below to 3" above the transition. Beyond these limits 
any small shift in what is called the background significantly 
alters the A-quantities. On the other hand, close to the transition 
temperature most measurements become less accurate. In 
particular the expansivity is necessarily averaged over a tempera- 
ture increment of several tenths of a degree. This averaging 
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13 

T - T ,  ( O K )  

Figure 1. Experimental values of C, LY, j in PAA. In  all caaes the tempera- 
ture scale waa set by taking the maximum effect aa occurring a t  T, .  Dotted 
lines are the estimated non-transition background. 

(a) C/TV from numerical results of Arnold' on C combined with 
density measurements of Maier and Saupe5, T ,  = 135.3 "C. 

(b) tl from a graph by Maier and Saupea, T, = 136°C. 
(0) /3 from a graph by Kapustin and Bykova,O T ,  = 132°C. (These 

results agree with those of Hoyer and Nolle.') 
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THERMODYNAMIC D E R I V A T I V E S  27 

introduces significant errors as the transition temperature is 
approached. Sound velocity measurements have been made in a 
frequency regime where attenuation near the transition seems to 
limit the accuracy of the compressibility results. The region from 
1" to 3" from the transition probably contains the most precise 
information. A pessimistic estimate is that the errors are about 
T 10% below, + 25% above. 

The only genuinely physical quantity which the A-quantities 
enable us to calculate is the ratio 7 T / V D .  From (5) there are three 
ways to calculate this (only two are independent). The various 
results are given in Table 2 .  I f  the scaling law (6) were fulfilled 

TABLE 2 The ratio q T / q n  computed in three ways for temperatures near 
the transition. The values for each temperature would agree if the scaling 

law Eq. (6) were obeyed. 

T - T, 

- 3  
- 2  
- 1  
- 0.5 
+ 0.5 
+ 1  
+ 2  

Aa - 
ACITV 

Au 

1.4 x 107 2.4 x 107 1.8 x 107 
1.6 2.4 2.0 
1.9 2.2 2.0 
1.8 2.1 1.9 
2.9 
3.1 1.7 2.3 
3.1 1.8 2.4 

the three values a t  a given temperature would agree. The fact 
that they apparently do not for the post-transition region is an 
indictment of the Prenkel theory, along with the whole cIass of 
single order parameter theories for that region. The pre-transition 
region provides a more encouraging picture. At each temperature 
the mean value of 7 T / q D  is about 2 x lo7 dyne/K". 

The first useful interpretation of T T / q s  follows from 

Thus is the slope of a line of constant order parameter. 
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28 MOLECULAR C R Y S T A L S  A N D  L I Q U I D  C R Y S T A L S  

The slope of the coexistence curve between liquid crystal and 
botropic liquid states is, to about 2%, 2 x 107 dyneslKO.8 Thus 
within the 10% accuracy of T T / T u  the coexistence curve is a line 
of constant order parameter.$ 

The second relation we can get from TF/q2,  is the change of the 
order parameter with temperature compared with its sensitivity 
to volume. For a small variation of temperature and volume 
around V , ,  To ,  near but not including th.e transition, we may 
expand : 

v(V,!Z’) = 9 ( V 0 , T o )  + 

and then define 

n will be our measure of relative sensitivity. 
deviations (9) is equivalent to: 

To first order in 

where the superscripts imply that the functional form depends 
on the point around which we expand. For the physical model of 
ordering due to molecuIar dispersion forces n is 2.s 

It is straightforward thermodynamics to reduce (10) to 

$ The Maier and Saupe theory predicts that 7 will change along the 
coexistence curves. However, the change would be a subtle one, depending 
weakly on variation of the transition volume dialation and not be sensible 
within the accuracy of our determination. 

5 Maier and Saupe, who proposed the molecular dispersion model, 
computed predictions for transition value of the order parameter5 aa a 
function of the transition volume change. Ideally such predictions could 
be used to check the value of n = 2 or alternatively to find n. Actually, 
however, the predicted change in S is too small for NMR and other tech- 
niques to measure. 
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T H E R M O D Y N A M I C  D E R I V A T I V E S  29 

For PAA with a and /3 evaluated at  1 OK below T, we get n = 4.3. 
The 2°K values for a and /3 give n = 4.6. It is to be noted that 
n as given by (12) is well behaved as T, is approached from below 
even though a and /3 both change rapidly. 

The value of 4.3 for n implies that the interaction responsible 
for ordering increases as the 13th power of the average inter- 
molecular center of mass soparation (V” = r 3 n ) .  This is then 
evidence for a role for short range shape dependents forces in the 
liquid crystal state. 

In  summary, we have proposed a “theory independent” 
approach to the nematic liquid crystal-isotropic phase transition 
in PAA. Especially below the transition, it seems that a single 
order parameter can self-consistently describe the transition 
anomalies in a, /3 and C. Thus we have been able to employ 
relationships among experimental data to argue the constancy 
of the transition order parameter and determine the incremental 
variation of the ordering energy with change in volume. 
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